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Preface
On September 9–10, 2010, a workshop on ‘‘Groups and Languages’’ – organized by Claudia
Malvenuto and myself – took place at the Istituto Nazionale di Alta Matematica ‘‘Francesco Severi’’
(INdAM) in Rome. The occasion for this meeting was Toni Machì’s 70th birthday and his subsequent
retirement. The list of speakers, together with the titles of their talks, is as follows:
Robert Cori:Maps and permutations in Toni Machì’s life;
Aldo de Luca: A palindromization map in free monoids;
Francesca Fiorenzi: Decision problems concerning cellular automata;
Robert Griess Jr:Moonshine paths between the extended E8-diagram and the Monster;
Rostislav I. Grigorchuk: Torsion images of Coxeter groups and a question of Wiegold;
Pierre de la Harpe: About Dehn 1910 paper on decision problems and all that;
Gareth Jones: Hypermaps, groups and dessins d’enfants;
János Körner: Extremal diversity;
Dominique Perrin: Groups of codes with empty kernel;
Antonio Restivo:Words and permutations;
Paul Schupp: Geometric group theory, generic computability, Turing degrees, and asymptotic
density;
Annick Valibouze: Galoiseries;
Wolfgang Woess: Context-free pairs of groups, context-free graphs, and random walk
asymptotics.
In this special issue, we collect together contributions from most of the above speakers and ones
from other colleagues, with research/survey papers focusing on Toni Machì’s main mathematical
interests, namely on group theory, graph theory, and the theory of automata and languages.
In chronological order, Toni’s first interest was the theory of finite groups. Let me mention that,
shortly after returning back to Rome from his graduate studies at the University of Chicago in 1970,
he wrote a very nice textbook (‘‘Teoria dei Gruppi’’, Feltrinelli), recently republished after a major
revision and the addition of newmaterial (‘‘Gruppi’’, Springer Italia) now available also in the English
translation (‘‘Groups’’, Springer-Verlag).
The note by Bianchi, Herzog, Pacifici, and Saffirio considers the graph whose vertices are the sizes of
the conjugacy classes of a finite group and inwhich two vertices are adjacent if and only if they are not
coprime numbers. They prove that the graph is 2-regular if and only if is a triangle, and is 3-regular if
and only if is the complete graph on four vertices.
Aubry and Valibouze present an algorithm for computing algebraically relative resolvents of
polynomials. Their approach avoids the accumulation of superfluous powers in the intermediate
computations andprovides, as a byproduct, an efficient algorithm for extracting nth roots of univariate
polynomials.
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The symmetric group is undoubtedly the most important and most commonly investigated of the
finite groups. Its elements are called permutations.
Cori, Marcus, and Schaeffer give new simple combinatorial proofs, based on Lehman sequences and
directed graphs associated with permutations, of several results (due to Boccara, Machì, Zagier, Bóna
and Stanley) on factorizations into large cycles of permutations of a given type.
Take natural numbers n,N and consider the permutation action of the symmetric group SN on the
tensor power (Cn)⊗N . The decomposition of this representation into isotypical components yields a
measure Pn,N on the space of Young diagrams. The measure Pn,N is supported on the set of Young
diagrams with N cells and at most n rows. Grigori Olshanski conjectured that as both n and N go
to infinity in such a way that the ratio n√
N
tends to a limit, the measures Pn,N enjoy the analogues
of the classical Vershik–Kerov bounds for the Plancherel measure. The main result of the paper by
Mkrtchyan is a proof of Olshanski’s conjecture. As a side benefit, the author also gives an elementary
proof of Biane’s theorem (originally provedwithmethods of free probability theory) on the limit shape
of Young diagrams under the family of measures Pn,N .
Hypermaps were introduced by Cori in 1975, and their theory was extensively developed in
the following years, mainly by Cori and Machì. As originally defined, hypermaps are algebraic and
combinatorial structures which model certain embeddings of hypergraphs into surfaces. Recently,
much of this research has been motivated by the unexpected role such hypermaps play in
Grothendieck’s theory of dessins d’enfants, where they provide a vital link between compact Riemann
surfaces, algebraic curves, and the Galois theory of algebraic number fields. Several ideas and results
from the theory of Riemann surfaces have been considered for algebraic hypermaps: the genus, some
properties of automorphisms and morphisms, homology, and the Riemann–Hurwitz formula.
The classical Riemann–Roch theorem uses divisors to relate the dimensions of various spaces of
meromorphic functions on a compact Riemann surface to its genus. More recent generalizations,
mainly in algebraic geometry, have extended this theorem to other mathematical structures, and in
an important recent development, Baker and Norine have proved an analogous theorem for graphs.
In his paper, Cangelmi extends the Baker–Norine version of the theorem to hypermaps.
Another recent application of the theory of hypermaps is in the construction of Beauville surfaces:
rigid complex surfaces formed from pairs of regular hypermaps with isomorphic automorphism
groups. This originally motivated the paper by Joneswhich, generalizing an example given by Girondo
and Wolfart, uses finite group theory to construct Riemann surfaces admitting two or more regular
dessins (i.e. orientably regular hypermaps)with automorphism groups of the same order and, inmany
cases, even isomorphic.
The paper byMartin and Singerman shows an interesting interplay between combinatorial objects
like graphs and hypergraphs, Riemann surfaces, and Hecke groups.
The theory of finite groups plays a prominent role also in the area of finite geometries. In this
setting, Kantor presented, in 1980, a procedure for constructing all the finite examples known at that
timeof generalized quadrangles apart fromsomequadrangleswith parameters (q−1, q+1) (for prime
powers q) due to Ahrens and Szekeres. It is known that there is a relation between some generalized
quadrangles of order (s, s) and of order (s − 1, s + 1). A geometrical description of this interrelation
is given by Payne and rests on the notion of regular points/lines. In her paper, Ghinelli develops these
connections algebraically and gets more insight into these relationships from the group theoretical
point of view.
Monoids play a central role in the theory of groups and in most of combinatorial aspects of
theoretical computer science.
The paper by Berstel, De Felice, Perrin, Reutenauer, and Rindone provides a useful presentation, rich
in examples, of the recent results connecting the theory of codes to the theory of finite monoids. In
particular, they illustrate some results about holonomy groups in transformation monoids and study
syntactic groups, that is, holonomy groups (relative to the image of an idempotent) of the minimal
automaton recognizing the Kleene star of a prefix code.
Gessel, Restivo, and Reutenauer, generalizing previous famous results given by some of the same
authors and by Burrows and Wheeler, and by Berstel, Desarmenien and Perrin, introduce a new
bijection between words over a given alphabet A andmultisets of necklaces over A (i.e. circular words
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over A). This has important applications to symmetric functions and representations of the symmetric
group and allows one to find an alternative proof for known results in permutation theory.
Generalizing the notion of a Sturmian word to alphabets with more than two letters has been a
topic of great interest in the field of combinatorics on words. One of these generalizations is given by
episturmian words,whose generation is based on the iteration of the operation of palindromic closure
combined with extension according to a directive sequence. A different construction of episturmian
words involves iterated applications of the so-called d-bonacci morphism and of some renaming of
the letters. Thus, any episturmian word may be represented both by its directive sequence and by the
sequence of the renamings used in its construction. This fact determines a bijection in the d-generated
free monoid associating the first representation of any episturmian word with the second one. In
his paper, de Luca studies this ‘‘standard correspondence’’ which turns out to have very interesting
combinatorial properties.
It is well known that the number of binary strings of length nwith no two consecutive 1s is the nth
Fibonacci number. This has a nice interpretation: every nonnegative integer has a unique expression
as a sum of nonconsecutive Fibonacci numbers, and the coefficients (0 or 1) give the associated
binary strings; the natural order of the numbers corresponds to the length–lexicographic order of the
string. Gewurz and Merola present a wide generalization to the numeration given by variable bases
satisfying recurrence relations with constant coefficients. Uniqueness of representation is enforced
by using the greedy representation, and the corresponding sequences characterized by excluded
subwords.
Marietti and Testa worked out the notion of conical and spherical graphs, creating links between
classical concepts such as dominating sets, independent dominating sets, edge covers, and the
homotopy type of an associated simplicial complex. They solve the problem of characterizing the
forests whose dominating sets of minimum cardinality are also independent.
On the other hand, D’Adderio and Moci prove that the Ehrhart polynomial of a zonotope is a
specialization of the arithmetic Tutte polynomial recently introduced by Moci, and derive some
formulae for the volume and the number of integer points of the zonotope.
The classical ergodic theorems of Birkhoff, Hopf, and von Neumann have been extended to free
groups in a long series of papers starting from the work of Oseledets in 1965, and with major
contributions by Guivarc’h, Grigorchuk, Nevo and Stein, and Bufetov. The survey by Bufetov and
Klimenko is a detailed presentation of the method of Markov operators in the study of ergodic
theorems for actions of free groups.
The study of the growth of finitely generated groups was initiated in the 1950s with the work
of Efremovich and Svarc in the USSR and, independently, in the late 1960s by Milnor and Wolf in
the USA. In particular, Milnor posed the problem of the existence of groups whose growth function
is intermediate, that is, nonpolynomial and subexponential. Grigorchuk in 1982 proved that what is
nowadays called the ‘‘Grigorchuk group’’ (that he found in 1980 as a simple solution to the Burnside
problem) also provides a positive answer toMilnor’s problem: indeed it has intermediate growth. The
Grigorchuk group can be described in several ways, as a 3-generated group of automorphisms of the
infinite binary rooted tree, or as a group generated by a finite automaton. This last interpretation was
the starting point for the development of a new theory, the theory of self-similar (or automata) groups
(which includes, besides the Grigorchuk group itself, and among many others, the famous Basilica
group and the Hanoi Towers group) which found extremely interesting and fruitful connections with
other branches of mathematics, like complex dynamics (via the interpretation, due to Nekrashevych,
of these groups as the iterated monodromy groups of suitable polynomials), spectral graph theory,
functional analysis (via the notion of amenability), probability and random walks, and statistical
mechanics.
To illustrate this line of research, D’Angeli, Donno, and Smirnova-Nagnibeda study partition
functions for the dimer model on families of Schreier graphs (coming from the action of finitely
generated group of automorphisms of rooted trees) converging to infinite self-similar graphs.
They study in detail the well-known example of the Hanoi Towers group H(3) and the Sierpiński
gasket.
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The paper by Siegenthaler and Zuadi presents a very precise and fine description (in terms of
a list of defining equations) of the self-similar algebraic geometry underlying a large class of GGS
groups (these are a common generalization of the examples by Grigorchuk and by Gupta and
Sidki).
Grigorchuk and Nowak study the relation between the diameter, the first positive eigenvalue
(i.e. the spectral gap) of the discrete p-Laplacian, and the ℓp-distortion (ameasure of the embeddability
into the Banach space ℓp) of a finite graph. The applications of their main result on several families
of graphs (induced by the lamplighter group, the Grigorchuk group, and the Hanoi Towers group)
show that the estimates obtained by the authors’ approach are stronger even than some previous
results, such as the Chung inequality, that were concerned only with the classical (Hilbertian) case
p = 2.
Sunic formulates and studies three problems concerning an original version of the Towers of Hanoi
Problem, called the Twin Towers of Hanoi Problem. The corresponding analysis, yielding upper and
lower bounds for these problems, makes use of the action by automorphisms of the Hanoi Towers
group on the ternary regular rooted tree and of its Schreier graphs.
The notion of growth has been considered also for the class of formal languages. It was shown by
Bridson and Gilman and, independently, by R. Incitti (a former student of Machì), that the growth of
context-free languages is either polynomial or exponential. In a nice short paper in 1998, Grigorchuk
andMachì produced an example of an indexed language of intermediate growth (the class of indexed
languages is slightly larger than that of context-free languages).
The notion of growth has been studied also for infinite graphs. Bondarenko, Ceccherini-Silberstein,
Donno, and Nekrashevych study a family of graphs arising as Schreier graphs of the action of a self-
similar groupG (generated by a 3-state automaton) on the boundary of a binary rooted tree. They solve
the isomorphism and local isomorphism problems for these graphs, determine their automorphism
groups, and show that they have intermediate growth. In the appendix by D’Angeli and Donno it
is shown that the action of G on the levels of the tree gives rise to symmetric Gelfand pairs. The
corresponding decompositions into irreducible submodules and the associated spherical functions
are described.
Returning to the study of the growth of finitely generated groups, I would like to mention an
interesting direction of the research related to Wilf’s ‘‘generatingfunctionology’’, that is, the study
of the properties of the associated power series (also called Poincaré series). In this framework, the
following famous and influential example is due to Machì. By choosing the canonical generators of
order 2 and 3 in PSL(2,Z), Machì has shown that the number γn of elements of PSL(2,Z) which are
expressed in words of length less than or equal to n ∈ N with respect to the canonical generators is
given by γ2k = 7 · 2k − 6 and γ2k+1 = 10 · 2k − 6 for all k ∈ N. On one hand, this means that the
sequence of ratiosγn−1/γn accumulates to twodistinct ‘‘oscillation’’ values, namely 57 and
7
10 according
to whether n is even or odd, respectively. On the other hand, the associated generating function can
be expressed as a rational function with two poles on the boundary of its disc of convergence. In order
to analyse these phenomena, and more precisely, to analyse the singularities of a power series P(t)
on the boundary of its disc of convergence, Saito previously introduced the space Ω(P) of ‘‘opposite
power series’’ in the opposite variable s = 1/t , where P(t)was, mainly, the growth function (Poincaré
series) for a finitely generated group or amonoid. In his paper of the present collection, Saito, ignoring
the geometric and combinatorialmotivations, studies the spaceΩ(P) abstractly and, in the casewhere
Ω(P) is finite and P(t) is meromorphic in a neighbourhood of the closure of its disc of convergence,
establishes a duality betweenΩ(P) and the highest order poles of P(t) on the boundary of its disc of
convergence.
Finally, Ceccherini-Silberstein, Coornaert, Fiorenzi, and Schupp survey the interesting connections
between the theory of groups, the theory of graphs, the theory of automata and languages, the theory
of cellular automata, second-ordermonadic logic, and the theory of games. The common denominator
is the context-free groups which were introduced and studied by Muller and Schupp in a remarkable
series of papers starting from the early 1980s. In this setting, to conclude, Ceccherini-Silberstein and
Woess define and study context-free pairs of groups.
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The International Workshop ‘‘Groups and Languages’’, dedicated to Antonio Machì on his 70th
birthday, was held in the Istituto Nazionale di Alta Matematica (INdAM) in Rome on the 9 and 10
September 2010. The workshopwas attended by about 60 participants, whowere asked to contribute
to a special issue of the European Journal of Combinatorics. Other researchers, who could not attend
the workshop, wanted to contribute as well. The result is this specially edited issue of the journal,
which evidences various relationships that exist between geometric group theory, language theory
and combinatorics.
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